Cross-Validation

A Fast Algorithm by
Ole-Christian Galbo Engstrgm and Martin Holm Jensen
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Ordinary/Partial Least Squares

Ridge Regression

Principal Component Analysis/Regression
Etc.



5-fold cross-validation

® Trainin m Validation m Trainin m Validation

fold cross—validatlon

sg




Total number of samples: NP

Total number of validation samples: N

Total number of training samples: NP - N = N(P-1) = ©(NP)
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. Training
. Validation

Fold 1 XY 1 ain

X1 Y21+ K51 Yaqt | XppYopt X Yot
X41Ya Xs1Yar
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Fold 2 XY 11z

X1 Y9+ X Yart | Xqq ¥t Xy Yoot
X41Y 44 X41Ya




. Training
. Validation

Fold 3 XV

X1 Yq1#Xp Yor b | Xqq ¥t Xy Yoot
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Fold 4 XY ain

Xy Yq# Ko Yo+ | Xq Yot Xy Yoot
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NrowsinXandY
Kcolumnsin X
McolumnsinY



NrowsinXandY

Each XY i K columns in X
Time: ©(NKM) M columnsinY

P folds:
Time: ©(PNKM)

... Canwe do better?
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XY, =XTY-XTY,,,

Train

Once:
XY

P times:
XTYVal

XY =XTY =XTY,,

Train



NrowsinXandY

— YT T
KN rain = XY = XN K columns in X
McolumnsinY

Once:

Ty - O(NKM)
P times:

XY, - O(NKM)

XTYTrain = XY - XTYVal |©(PKM)=0(NKM)




NrowsinXandY

— YT T
XV train = XY = XN K columns in X
McolumnsinY

Once:

TV - O(NKM)
P times:

XY, - O(NKM)

XTYTrain = XY - XTYVal |©(PKM)=0(NKM)

G)(NlKM)



NrowsinXandY

XY . =XY-XY
frain val K columnsin X
McolumnsinY
Asymptotically independent on P! -
Once:
TV - ©O(NKM)
P times: |
XY, - ©O(NKM)
XTYTrain = XY - XTYVal |©(PKM)=0(NKM)

G)(NlKM)




Cost of computing all P XY _._
Improved from ©(PNKM) to ©O(NKM)



Cost of computing all P XY _._
Improved from ©(PNKM) to ©O(NKM)

Cost of computing all P XX, ..
Improved from O(PNKK) to ©(NKK)

Cost of computing all P X'Y,,, and X'X;;,
Improved from ©(PNK(K+M)) to ©(NK(K+M))



... Any row-wise preprocessing works out of the box

SNV, i.e., (row-wise) centering and scaling
Convolution (e.g. with Savitzky-Golay filters)

X Y
. Training
. Validation
Fold 4

T T

X Y,T.._ram, XTY XTXM@L
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... What about (column-wise) centering and scaling
(autoscaling)?

. Training
. Validation

Fold 4

XIYTrain XTY XIXVal

X11Y11+ X1 Yor+ | Xq1Y12+ X5 Yoot X11Y114X1 Yo+ | Xq1Y 124X Yoot X41Y a1 Xs1Ya2
X31Y3 X51Y3, X31Y314+X41Y 44 X531 Y32+ X41Y a2
X12Y11#X0oYo1+ | XioY12+ X0 Yoot _ X12Y11# X001+ | XpoY 12+ X Yoo+ X421 XsoYa2
X3 Y3 X3Y32 - X32Y31+X45Y 41 X32Y30+ XY a2
X13Y11+Xo3Y21+ | Xi3Yi2+ X5 o0t X13Y11+Xo5Yo1+ | Xi3¥ o+ Xo5Y oo+ X43Ya Xa3Ya2
X33Y 3 X33Y32 Xa3Y31+X43¥a1 | Xaz¥ao+Xs3Y o




XY =XTY =XTY,,,

Train

XTY Y XTY,,,

Train

+Xo Yot | X4 Yot X, Yoo+ XYt 21t | Xy X5, Yoot X41Y 4 X41Y 40
X5,Y3; Xo Y7 X 1Y 44 X3, Y3t X0,

X0 Yot | XYt X, Yoo+ ” XoY 114X Yot | X oY 0+ Xo, Yoot X4oY 41 X40Y 40
X3,Y 35 - X3 Y3+ XY 4 X3oY 30t X40Y 40 -

X301t | Xt X, 5Y 5ot Xi3Y 1+ X5Yo+ | XigY o+ XYoo+ X43Y 41 X43Y 40
33Y 32 X33Y 31+ Xy3Y 4 X33Y 3ot X45Y 40




Break up statistics into parts

Once:
Compute parts for entire dataset
P times:
Compute parts for validation set
Derive training set parts



16 combinations of centering and scaling for Xand Y



16 combinations of centering and scaling for Xand Y

4 unique configurations for X™X



16 combinations of centering and scaling for Xand Y

4 unique configurations for X™X
Only 8 unique configurations of X'Y (out of 16)



16 combinations of centering and scaling for Xand Y

4 unique configurations for X™X
Only 8 unique configurations of X'Y (out of 16)

Allimproved from O(PNK(K+M)) to O(NK(K+M))
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Algorithm 7 Fast Cross-Validation Algorithm with Centering and Scaling
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Input: X € RV*X Y € RVXM_ P 5 a scalable partitioning of R = {1,...,N}
R+ {1,...,N}

Let V be the result of executing Algorithm 1 with P and R as input

XTX + XTX, XTY « XTY, ux X, uy < ¥

X+ >
for each partition p € {1,...,P} do

nerXny Y > p Y, BsgX > p (X?f), LsqY < > cn (Yﬁ?)

V « V[p]

XV — Xv, YV — YV

XTXV — X"]/::Xv, XTYV — XI'];YV

XTX7p + XTX — XTXy, XTY7r + XTY — XTYy > Obtain XTX7 and XTYr
HXy = Xy, pyv < YV

Nv(— ’V’,NT(—N—NV

UXT NiTux — %—;,uxv > Obtain X7

pyT — By — pyy > Obtain y7

uxTxr + N (ux%,uxT), uxTyr < N (,ux%,uyT) > Obtain ]T]x%ﬁ and |T|x%y?

cXTX7 + XTX7 — puxTxr > Obtain X$T X,

cXTYr + XTYy — puxTyr > Obtain X%TY%

Xy 3 ey Xy XYy > v Y

SXp + XX - XXy, 5Yr + XY — XYy > Obtain ¥, X, and YXper Y,

EsqXv < Y ney (X;:))’ EsqYy D ney (Yszz)

YsqXp +— Ys5gX — XsqXy > Obtain X, (X;’f)

YsqYp + ¥sqY — ¥sqYy > Obtain X, (Yff)
ol

OXT (ﬁ (—Z/LXT O XX+ NT;LX%2 + EquT)) 2 > Obtain X7
ol

oyT +— (ﬁ (—2uyr © SY7 + Nppy$? + EquT)) ? > Obtain y7

Replace with 1 any entry in ox7 and oyr that is 0.

oxTxr + O'X%G'XT, oxTyr + O'X%O'yT > Obtain xXx7 and Xry7

csXTXr « cXTXy @ oxTxp > Obtain X$TXSs

csXTYr + cXTYr @ oxTyr > Obtain X%STY%ST

28: end for




Does it really matter?



Does it really matter?

Demo time!



Contributions

Faster cross-validation for X™X and XY
Solved for any combination of centering and scaling

Software implementing the algorithm

pip install cvmatrix
Article

Software combining the algorithm with PLS R

pip install ikpls
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